We consider three-dimensional fermionic band theories that exhibit Weyl nodal surfaces defined as two-band degeneracies that form closed surfaces in the Brillouin zone. We demonstrate that topology ensures robustness of these objects under small perturbations of a Hamiltonian. This topological robustness is illustrated in several four-band models that exhibit nodal surfaces protected by unitary or anti-unitary symmetries. Surface states and Nielsen-Ninomiya doubling of nodal surfaces are also investigated.
I. INTRODUCTION
The advent of topological insulators in the last decade deepened our understanding of interplay of topology and symmetries in band insulators 1, 2 . This work culminated in the development of the ten-fold way classification of non-interacting gapped topological phases 3 and the emergence of new symmetry protected topological phases of matter.
In last years the main interest in the field shifted towards systems with band degeneracies [4] [5] [6] . In three dimensions the simplest and most well-studied are Weyl (semi)metals which are distinguished by isolated pointlike two-band degeneracies in the Brillouin zone (BZ). Although in condensed matter physics Weyl points appeared first long time ago in the superfluid A phase of 3 He 7,8 , only recently Weyl (semi)metals were discovered experimentally 9, 10 . As long as inversion or timereversal symmetry is broken, Weyl points appear generically. They are topological defects and cannot be gapped out individually but must be destroyed only via pairwise annihilation 11 . Weyl (semi)metals exhibit robust phenomena such as chiral anomaly 12 , anomalous Hall effect 13 and zero-energy Fermi arc surface states 14 . More recently Weyl loop (semi)metals 15 , where two-band degeneracies take place on closed one-dimensional manifolds also attracted considerable attention. In contrast to Weyl points, nodal loops are not generic, but require some symmetry (such as chiral sub-lattice symmetry) to protect them. The defining feature of a Weyl loop is a non-trivial π Berry phase along any closed contour that links with it. In the semimetal regime, any boundary surface, where the loop projects non-trivially, supports drumhead states 15, 16 . One can make a step further and consider threedimensional translation-invariant fermionic systems with Weyl nodal surfaces, where two bands touch each other on two-dimensional surfaces in the BZ. Recently nodal surfaces were predicted to appear in quasi-one-dimensional crystals 17 , graphene networks 18 , multi-band superconductors with broken time-reversal symmetry 19, 20 and also were found within the ten-fold way classification of gapless inversion-enriched systems 21 . Given a model with a nodal surface it is natural to ask if the nodal structure is robust under certain class of small perturbations of the Hamiltonian. Generically a perturbation can (i) open a gap everywhere and fully destroy the nodal object (ii) gap it out partially leaving behind nodal loops and/or points 22 , (iii) preserve the nodal surface and not open a gap anywhere on it. As we show in this paper the degree of robustness (i)-(iii) is determined by topology of the perturbed system. To see how it works, consider first a system which has only one nodal surface (tuned for convenience to the Fermi level), but no other gapless objects at the Fermi level such as additional Fermi surfaces, nodal loops or points. Now we enclose the nodal surface of the original model by a lower-dimensional (d m < 3) manifold in the BZ (see Fig.  1 ). By construction, all bands are gapped on the enclos-FIG. 1. Examples of (a) zero-, (b) one-and (c) twodimensional enclosing manifolds (blue) around nodal surfaces (orange). Although technically a zero-dimensional manifold does not enclose the nodal surface with slight abuse of notation we still refer to it here as an enclosing manifold.
ing manifold. Imagine now that in the original model we can define a topological invariant (such as Chern number, winding number, Z 2 invariant, etc) on this enclosing manifold. In this paper such invariant will be denoted as c dm , where the subscript specifies the dimension of the enclosing manifold. Importantly, the invariant does not change under a certain class of perturbation of the Hamiltonian and as we show now this has implications for the degree of robustness of the nodal surface under this class of perturbations. Previously, this set of ideas was introduced for determining the robustness of Weyl nodal loops 23, 24 . First, we discuss topological invariants defined on a point (d m = 0, Fig. 1 a) is the following: notice that on any imaginary onedimensional trajectory in the BZ that connects the inner and outer zero-dimensional manifolds there should be a point, where the energy gap closes allowing the topological invariant to change. In turn this ensures that no gap can open at any point of the nodal surface.
Second, consider non-trivial topological invariants defined on enclosing manifolds of dimension d m > 0 ( Fig. 1  b and c) . These invariants do not fully protect the nodal surface, but guarantee that it cannot be fully gapped out by perturbations. Generically, a nodal line (nodal points) should survive in the perturbed system if d m = 1 (d m = 2). We can explain it by following similar arguments as before: in the unperturbed model compute the topological invariant on two enclosing manifolds, one being inside and another outside the nodal surface. Since the topological invariant on the interior manifold is necessarily trivial (the manifold can be shrunk to a point without encountering a band), a non-trivial invariant on the exterior manifold necessarily implies a non-trivial difference of the interior and exterior invariants which in turn guarantees a lower-dimensional nodal object in between the two enclosing manifolds in the perturbed system.
We emphasize that arguments presented above also imply robustness of general nodal surfaces, not necessarily tuned to the Fermi level. In a general case it is useful to formulate the above arguments in energy-momentum space, as detailed in Appendix A. Our analysis thus does not reduce to previous studies of robustness of Fermi surfaces 8, [25] [26] [27] .
To apply these ideas in practice, in this paper we investigate nodal surfaces protected by different mechanisms: (i) a nodal surface can be protected by a global internal symmetry. In this case any two bands that carry different quantum numbers with respect to the symmetry generically intersect on a two-dimensional surface in momentum space. Since in the presence of the symmetry the two bands cannot be hybridized, the nodal surface is protected against any small symmetrypreserving perturbations. (ii) in spirit of ten-fold way, Weyl nodal surfaces can be protected by anti-unitary symmetries. These nodal surfaces have already appeared in the literature [19] [20] [21] and here we investigate their robustness. We analyze simple models that exhibit nodal surfaces protected by both mechanisms mentioned above. The leitmotif of our construction is the following: we start from double-degenerate nodal points or nodal lines and split them in energy. The resulting continuum fourband models together with minimal lattice extensions thereof are used to analyze the physics of nodal surfaces and investigate their robustness. In particular, we identify symmetries that protect the nodal surface and construct appropriate topological invariants. In addition, we investigate Nielsen-Ninomiya doubling of nodal surfaces in the BZ and look for surface states and topological invariants that protect these states.
II. NODAL SURFACES PROTECTED BY UNITARY U (1) SYMMETRY
In this section we construct and investigate noninteracting fermionic four-band models that exhibit nodal surfaces protected by an internal unitary U (1) symmetry. In examples discussed here this symmetry is generated by the axial γ 5 matrix. More physical realization of a global internal U (1) symmetry might be the conservation of a single component of the spin operator which can happen in a constant magnetic field if the spin-orbit coupling is weak.
A. Nodal sphere
Given the set of four-by-four Dirac matrices γ µ that satisfy the Clifford algebra {γ µ , γ ν } = 2η µν with the Minkowski metric η µν and µ, ν = 0, x, y, z, we first define α i = γ 0 γ i and γ 5 = iγ 0 γ x γ y γ z . Now consider the Hamiltonian, which describes a massless Dirac fermion perturbed by a γ 5 term
where k i is the crystal momentum and λ ∈ R. Since [γ 5 , H] = 0, the model has an internal U (1) symmetry 28 generated by the matrix γ 5 . In this paper we use the chiral representation of the Dirac matrices resulting in
The last term in Eq. (1) preserves time-reversal, but breaks the inversion symmetry. It splits the Dirac point at k = 0 into a pair of Weyl points of opposite chirality by separating them in energy by 2λ. This model is in DIII symmetry class of the ten-fold way classification 3 . It appeared in the context of studies of the chiral magnetic effect 29 . The energy spectrum
exhibits a band degeneracy at the Fermi level E = 0 on a sphere defined by |k| = |λ|. The nodal surface is protected by the γ 5 symmetry against perturbations since two bands that cross each other have different γ 5 eigenvalues and cannot be hybridized. Under a generic γ 5 -symmetric perturbation the sphere will deform and move away from E = 0, but will not be gapped out. On the other hand, by adding a mass term
to the Hamiltonian, given by Eq. (1), the symmetry is broken and the nodal sphere disappears. This behavior can be understood using topology, as we will explain in the following. On a zero-dimensional (d m = 0) enclosing manifold ( Fig. 1 a) an integer-valued topological invariant tied to the γ 5 symmetry can be defined as the γ 5 quantum number of the lower band that generates the nodal sphere (in our model this is the occupied band with the highest energy). Given a normalized Bloch state |u(k) of this band, we define
If this band is degenerate in energy, the γ 5 quantum numbers of individual bands should be summed, thus c 0 ∈ Z. In the presence of a nodal surface one can define a topo-
, where the momentum k in(out) is located anywhere inside (outside) the nodal surface. Since the occupied band with the highest energy has opposite γ 5 quantum numbers outside and inside the nodal surface, the difference ∆c 0 is non-trivial for the model given by Eq. (1). As discussed in Sec. I, if we think of a general γ 5 -symmetric system with a nodal sphere, we cannot gap out a nodal sphere with an infinitesimal γ 5 -symmetry preserving term, if ∆c 0 ∈ Z \ {0}. Consequently we conclude that ∆c 0 is a Z-valued topological charge.
In addition, an integer-valued topological invariant can be defined on a two-dimensional (d m = 2) manifold enclosing the nodal sphere (Fig. 1 c) . This is the Chern number of the lower band that generates the nodal sphere (the occupied band with the highest energy)
where the Berry connection
In the model, given by Eq. (1), this Chern number is nontrivial but does not change as the radius of the enclosing manifolds crosses the nodal sphere, i.e. c in 2 = c out 2 . Since the difference of the Chern numbers Eq. (4) inside and outside the nodal sphere is zero, we conclude that the nodal surface in this model has no robustness with respect to a generic perturbation that breaks γ 5 symmetry. Such perturbation, as for example the mass term ∼ γ 0 = σ x ⊗ τ 0 , fully gaps out the nodal surface. We now investigate the surface states of the model given by Eq. (1) . Imagine that the system has a boundary at z = 0 and fills only a half of the space z > 0. Due to γ 5 symmetry the Hamiltonian splits into two decoupled Weyl blocks. Consequently, one expects two degenerate Fermi arcs starting at the nodal surface that are protected by γ 5 symmetry. This can be demonstrated analytically by first introducing the following boundary condition σ 0 ⊗ τ y ψ = ψ that preserves helicity of excitations. In the spirit of 30 , we extend the boundary condition also into the bulk. Solving the Schrödinger equation Hψ ∓ = E ∓ ψ ∓ , where H is given by Eq. (1) gives the surface states ψ − = (0, φ − )
T and ψ + = (φ + , 0) T with
and
where φ 0 is a constant spinor that satisfies τ y φ 0 = φ 0 and κ = −k x . For κ > 0 these solutions are normalizable, and localized close to the boundary. If we set E = 0, we find a doubly-degenerate Fermi arc at the surface BZ at (k x < 0, k y = −λ). It starts at (k x = 0), i.e. the boundary of the projection of the nodal surface on the surface BZ (see Fig. 3 ). ψ + and ψ − have opposite γ 5 eigenvalues and counter-propagate along the y axis. These counter-propagating surface modes are robust under γ 5 -symmetric perturbations H imp since ψ − |H imp |ψ + = 0.
After calculating the surface states, we investigate their topologically stability. We have seen that each subblock of Eq. (1) 
where denotes the eigenvalue of γ 5 matrix. We emphasize that c The continuum model Eq. (1) cannot be used in the full BZ since it violates its periodicity. We conclude this section with a discussion of a minimal lattice realization of this model. The lattice Hamiltonian is given by
where t ∈ R. The model originates from the minimal lattice model of Weyl semimetals introduced in 13 and discussed extensively in 31 . As sketched in Fig. 2 , the lattice model has two pairs of Weyl points located at k = (±k 0 , 0, 0). Due to the U (1) symmetry only Weyl points of the same γ 5 quantum number can be connected to each other. Hence the Nielsen-Ninomiya theorem must be applied in the two γ 5 sectors separately and nodal spheres appear necessarily in pairs.
Since there are two nodal surfaces in the minimal lattice realization, it is natural to expect that the Fermi arcs that we found above will connect the two nodal surfaces projected on the boundary BZ (see Fig. 3 a) . This is indeed what one finds by diagonalizing numerically the lattice Hamiltonian in a slab geometry (see Fig. 3 b) . 
B. Nodal torus
We start from a four-band model with the effective low-energy Hamiltonian
with k ⊥ = k 2 x + k 2 y . This model has the γ 5 symmetry. The last term in Eq. (9) splits a doubly-degenerate (Dirac) loop of radius k 0 at k z = 0 into a pair of Weyl loops by separating them in energy by an amount of 2λ. The dispersion relation for this system is given by
and exhibits a band degeneracy at E = 0 with (k ⊥ − k 0 ) 2 + k 2 z = λ which for λ < k 0 forms a torus in momentum space.
In a close analogy to the nodal sphere discussed in Sec. II A, the nodal torus is protected by the unitary γ 5 symmetry. The appropriate Z-valued topological invariant defined on a zero-dimensional enclosing manifold is given by Eq. (3). For the model Eq. (9) the difference of the invariants defined inside and outside the nodal torus is non-trivial which ensures its full robustness under infinitesimal γ 5 -preserving perturbations.
In addition to the γ 5 symmetry, the model, given by Eq. (9), is also invariant under the combination of inversion P and time reversal T , i.e. P T 32 , which implies the following constraint on the Hamiltonian
where U P T = α x . Analogously to the previous section, we can treat the diagonal sub-blocks of this system separately. The sub-blocks give rise nodal loops lying at energies ±λ, which are protected by the P T symmetry. The topological invariant that characterizes the stability of such nodal loops is the Berry phase which is quantized in P T -symmetric systems 3334 . In our model Eq. (9) we find π Berry phase for the blocks. In addition, the Berry curvature is forced to be zero for every non-singular point in the BZ. As a result, π Berry phase guarantees the existence of nodal loops that are stable under infinitesimal perturbations that preserve P T and γ 5 symmetries. On the other hand, the P T symmetry is not required for the stability of the nodal torus. In fact, if we break this symmetry without breaking γ 5 symmetry, the nodal torus will not be destroyed, but the nodal loops lying at energies ±λ will be gapped. Hence we can refer to P T symmetry as an accidental symmetry.
In order to illustrate the arguments given above in a concrete example, we consider a minimal lattice model that hosts a nodal torus. Its Hamiltonian is given by
where t 1,2 are constants which fix the radius of the torus. This Hamiltonian is motivated by the lattice model of a nodal loop semimetal investigated in 35 . It is worth pointing out that this lattice model has just one nodal torus in the BZ (no Nielsen-Ninomiya doubling). The bulk energy spectrum of this Hamiltonian is shown in Fig. 4-b . Furthermore, in a slab geometry (as a result of the existence of the nodal loops in the bulk energy spectrum) we find drumhead surface states that have the same energy as the nodal loops as shown in Fig. 4-a. A γ 5 -invariant perturbation that breaks the P T symmetry destroys the nodal loops, but not the nodal torus (see Fig. 4-c,d ). (9) perturbed by a term that breaks accidental P T symmetry, but preserves γ 5 symmetry.
III. NODAL SURFACES PROTECTED BY ANTI-UNITARY SYMMETRY
Here we turn to four-band models that exhibit nodal surfaces which are protected by anti-unitary symmetries. These objects appeared in the recent literature [19] [20] [21] and formed the starting point of our investigation.
A. Nodal sphere
Consider a four-band model with the Hamiltonian
The model consists of a pair of Weyl points of the same chirality which are split in energy by the last two terms in Eq. (13) . Notice that the Hamiltonian has no unitary U (1) symmetry apart from the particle number conservation. Even in the absence of a unitary symmetry, the spectrum of the Hamiltonian Eq. (13)
contains a band degeneracy at E = 0 which is located on a sphere of radius |k| = √ λ 2 + δ 2 . We will argue now that in this model the nodal surface is protected by an anti-unitary combination of inversion P and particle-hole C symmetry 36, 37 and construct a Z 2 -valued topological invariant tied to this symmetry 19, 21 . To this end consider a class of Hamiltonians of the form
supports a zero-energy nodal surface at |a(k)| = |b(k)|. A generic model Eq. (15) breaks inversion P , timereversal T and particle-hole C symmetries. Nevertheless, it is invariant under the anti-unitary P C symmetry which acts on the Hamiltonian as
In our representation U P C = σ y ⊗ τ y is real. Note that (P C) 2 = U P C U * P C = +1. Due to this symmetry the nodal surface is fixed to the Fermi level and thus necessarily coincides with the Fermi surfaces of the two touching bands. It was found in 36,37 that three-dimensional Fermi surfaces with P C symmetry that squares to unity have topological Z 2 classification. In our formulation, the topological invariant defined on a zero-dimensional enclosing manifold can be calculated as the sign of the Pfaffian of the antisymmetric form of the HamiltonianH
Since in our representation the Hamiltonian Eq. (15) is not antisymmetric, in order to compute the invariant, we must first unitary rotate it to the antisymmetric form H = ΩHΩ † . The resulting Pfaffian
is real and vanishes on the nodal surface. In particular, for the model Eq. (13) the Pfaffian has a simple zero on the nodal sphere and thus it has opposite signs inside and outside of it. Following the arguments of Sec. I, the non-trivial difference of the Pfaffians makes the nodal sphere fully robust with respect to small P C-invariant perturbations. We notice that although the choice of Ω and the sign of the resulting c 0 (k) is not unique, this ambiguity does not affect the difference of the topological invariants.
We discuss now the Chern number invariant Eq. (4) in the context of the model Eq. (13) . For an enclosing manifold located inside (outside) the nodal sphere the band Chern number is non-trivial and in addition c ensures that a generic small perturbation cannot fully gap out the nodal sphere, but has to leave in the band structure at least a pair of Weyl points close to the Fermi level. Thus contrary to the nodal objects from Sec. II, the nodal sphere discussed here has certain robustness with respect to arbitrary perturbations of the Hamiltonian.
In the presence of a spatial boundary, for λ = δ = 0 in Eq. (13) a pair of same-chirality Weyl points at the Fermi level gives rise to a pair of chiral co-propagating zero-energy Fermi arcs. As the Weyl points are split in energy for λ, δ = 0, the Fermi arcs survive but must start at the Fermi surfaces. These surface states are robust against arbitrary small perturbations thanks to the the total Chern number total Chern number = i 2πˆS2 dk trF (20) which is non-trivial on an enclosing manifold outside the Fermi surfaces. Here the Berry curvature two-form F = dA + A ∧ A is defined in terms of the non-abelian
, where a, b label only occupied bands. On an enclosing manifold living inside the nodal sphere the total Chern number Eq. (20) vanishes and thus the nodal sphere represents a locus of the total Berry flux. It is an inflated double Weyl monopole 19 . Due to the Nielsen-Ninomiya theorem the nodal spheres protected by the anti-unitary P C symmetry should always appear in pairs. To demonstrate it explicitly we considered the minimal lattice Hamiltonian
and determined numerically its energy spectrum in the bulk. In addition, we examined the energy spectrum of this lattice Hamiltonian in a slab geometry. As expected, it contains a pair of chiral zero-energy Fermi arcs which are robust with respect to arbitrary perturbations of the Hamiltonian.
in any basis which diagonalizes the operator S. Note that in general q(k) ∈ U(n) since Q 2 = 1. The additional reality condition Eq. (24) that follows from the P T symmetry implies that the flattened block q(k) ∈ O(n). In particular, for the four-band model Eq. (22) one has q(k) ∈ O(2). Now on any closed one-dimensional manifold that does not intersect the torus in the BZ one can compute the topological winding number 21 as the homotopy equivalence class of mappings S 1 → SO(2). We define the winding number as
where s is a coordinate that parametrizes the onedimensional enclosing manifold. The invariant is integervalued since the homotopy group π 1 [SO(2)] = Z 38 . It is instructive now to evaluate the winding number invariant for the nodal torus model Eq. (22) . To this end we consider an enclosing S 1 manifold of radius k S that is positioned in the x − z plane and is centered at the momentum k = (k 0 , 0, 0). A straightforward calculation reveals that if k S > √ λ 2 + δ 2 , i.e., the manifold encloses the torus from outside and links with it, the absolute value of the winding number c out 1 is equal to unity. On the other hand for k S < √ λ 2 + δ 2 , the winding number c in 1 vanishes since in this case the enclosing manifold can be shrunk to a point without crossing energy bands. Following general arguments from Sec. I, the non-trivial difference of the winding numbers ensures that the nodal torus cannot be fully gapped out by small perturbations that are invariant under P C and P T symmetries. Note however that in the present case this prediction has little practical value because the nodal torus is fully protected against any small P C-symmetric perturbation by the Pfaffian invariant. It would be interesting to find a model protected by the non-trivial difference of a topological invariant defined on one-dimensional enclosing manifolds, where a nodal surface is gapped out to nodal loop(s).
We observe that similar to the model discussed in Sec. II B, the present model does not support robust zeroenergy surface states. The pair of zero-energy drumhead surface states present in the limit of the double-Weyl loop (λ = δ = 0) is shifted to a finite energy by the last two terms in the Hamiltonian Eq. (22) . One arrives to the same conclusion by diagonalizing the lattice the Hamiltonian
in a slab geometry.
IV. CONCLUSION AND OUTLOOK
In this paper we investigated the physics of threedimensional fermionic band models that exhibit twodimensional Weyl nodal surfaces. We argued that the robustness of these nodal objects is ensured by topology. Specifically, we showed that the degree of robustness is determined by the dimensionality of gapped enclosing manifolds, where topological invariants are evaluated. We demonstrated this in several four-band toy models that exhibit nodal surfaces protected by unitary or antiunitary symmetry. It would be interesting to study the effects of interactions and disorder on nodal surfaces, investigate transport properties and find realistic models of materials where these ideas can be applied. and c in 0 defined on any two zero-dimensional point manifolds located within the outer (green) and inner (blue) regions, respectively, protects the nodal surface from being gapped.
